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Abstract. Let X be a Fano manifold. G. Tian proves that if X admits 
a Kahler-Einstein metric, then it satisfies two different stability condi- 
tions: one involving the Futaki invariant of a special degeneration of X, 
the other Hilbert-Mumford-stability of X w. r .t. a certain polarization. 
He conjectures that each of these conditions is also sufficient for the 
existence of such a metric. If this is true, then in particular the two 
stability conditions would be equivalent. We show that for Fano hyper- 
surfaces in projective space, where due to the work of Lu and Yotov an 
explicit formula for the Futaki invariant is known, these two conditions 
are indeed very closely related. 



1. Introduction 

For complex manifolds with ample or trivial canonical bundle the existence 
of a Kahler-Einstein metric is well known. For Fano manifolds, the situation 
is much more complicated. Of course, the Fubini-Study metric on P" is 
Kahler-Einstein. But already blown up in 1 or 2 points does not admit 
such a metric. In general, it is supposed that the existence of a Kahler- 
Einstein metric is related to the geometry of the Fano manifold, and to be 
more specific, to certain notions of stability of the manifold. 

In |lTi97| , Tian proves that a Fano manifold admitting a Kahler- Einstein 
metric satisfies two different stability conditions, one involving the Futaki in- 
variant of a special degeneration of the manifold, the other Hilbert-Mumford 
stability of the manifold with respect to a certain polarization. Tian conjec- 
tures that each of these conditions is also sufficient for the existence of such a 
metric. If this is true, then in particular the two stability conditions would be 
equivalent. We show that for Fano hypersurfaces in projective space, where 
due to the work of Lu |Lu99| and Yotov | Yo99|| an explicit formula for the 



Futaki invariant is known, these two conditions are indeed closely related, 
as it turns out that the Futaki invariant F equals Mumford's /i-function up 
to a constant. 

Furthermore, we introduce the notion of a special degeneration of a hy- 
persurface as a hypersurface, which is very similar to Tian's definition. Our 
main theorem is the following 
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Theorem 1.1. Let Xj he a hypersurface of degree d, 1 < d < n + 1 m P". 
Then the following conditions are equivalent 

• Xf is weakly Hilbert-Mumford stable 

• for every special degeneration vr : y — > A o/ Xj as a hypersurface, 
where the degeneration is induced by a vector field v on P", one has 
^Yoi'^lYo) ^ '^^^ 0" '''ff degeneration is trivial. 

I would like to thank Thomas Peternell for his suggestion to have a closer 



look at Tian's paper |Ti97|| , and Thomas Eckl for some helpful comments on 



vector fields and automorphisms. 



2. The Futaki invariant and special degenerations 

We always denote by X a Fano manifold and ask whether there exists a 
Kahler-Einstein metric on X, i. e. a Kahler metric such that the associated 
Kahler form u! satisfies Ric(w) = uj. We further denote by the Lie 

algebra of holomorphic vector fields on X. 



In |Fu83|, Futaki introduced the character 

Fx : r?(X) ^ C [ v{g)u:^ 

where n is the complex dimension of X and g : X ^ R is a function with 
Ric(a;) — oj = ij^-n ddg. He proved that this is independent of the choice of 
the Kahler form w with [w] = [ci(X)]. In particular, if X admits a Kahler- 
Einstein metric then Fx vanishes and therefore the Futaki invariant gives a 
first obstruction to the existence of Kahler-Einstein metrics. 

Unfortunately, there exist Fano manifolds without any global holomorphic 
vector fields (i. e. Fx = trivially) which do not admit any Kahler-Einstein 
metric [ Ti97[] . Therefore, if we want an equivalent condition, we have to 



refine this. 



Definition 2.1. IfTiOTH a) A fibration n : Y ^ A over the unit disc A is a 



special degeneration of X if 

• TT is smooth over A — 

• X is isomorphic to a fiber for some z £ A — 

• the special fiber Yq is a normal variety (in particular irreducible and 
reduced) 

• the relative anticanonical bundle —Ky/A is ample and therefore induces 
an embedding Y C P''^ x A such that tt is induced by the projection on 
A and 

• there exists a vector field wonY with tt^w = —z-^ on A. 

b) A special degeneration is said to be trivial ifY = XxA,Tris the projection 
on A and w is induced by a vector field on X. 
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Remark 2.2. 1) The last condition of a) implies that w induces a vector 
field on Yq. 2) In a special degeneration, the special fiber Yq is always Q- 
Fano. Ding and Tian | DT92|| show that the above definition of the Futaki 



invariant still makes sense in this case. 



Theorem 2.3. | Ti97 | If X is Kdhler- Einstein then for every special degen- 
eration of X one has Rei<Vo('-^|yo) — "~ ^" ''•ff degeneration is 
trivial. 



Conjecture 2.4. | Ti97 | This is also sufficient for the existence of a Kdhler 



Einstein metric on X. 

Of course, the main difficulty here is the calculation of the Futaki invariant. 
If Yq is smooth or has only orbifold singularities, one can use a fixed point 



formula for Fyq which was proved by Futaki |[Fu88|| resp. Ding and Tian 



[|DT92 |. 



If Yq is a hypersurface in projective space or more general a complete 
intersection, Lu ||Lu9g|] and Yotov [ Yo99(| independently obtained an explicit 



formula for the Futaki invariant. To keep things easy, we will stick to the 
hypersurface case, although everything what follows is very similar in the 
complete intersection case. 

Let X = Xf = {/ = 0} C P" be a hypersurface of degree d, 1 < d < 
n + 1, and denote hy [zq ■ ■ ■ ■ Zn] the coordinates on P". Furthermore, let 
V = ^ij^j'ir ^ vector field on P", which is normalized by the condition 
^ an = 0, and let {crt}_oo<t<oo be the real 1-parameter subgroup of Aut(X) 
generated by u. If Xj is invariant under {at}, then v{f) = k ■ f with k G C 
and V induces a vector field on Xf. By a theorem of Bott, every vector field 
on arises in this way. 



Definition 2.5. [|Lu99(]|[Yo99| In the situation above, 



(n + 1) 

Fxiv) = -{n + l-d)id- l y ^ 

n 

is the generalized Futaki invariant of v on X. 

(n + 1) 

We remark that {n -\- 1 — d){d — 1)- — — is positive, as 1 < d < n + 1. 
Theorem 2.6. |Lu99||||Yo9g|] IfXj is Q-Fano, then Fx = Fx- 



3. The method of Ding and Tian 

To make things even more explicit, we now recall an example of Ding 
and Tian, illustrating their method of evaluating the Futaki invariant on 
a degeneration of a Fano manifold X to show that X does not admit any 
Kahler-Einstein metric. Again we restrict ourselves to the case of Fano 
hyper surf aces in P"". 

Let X = Xf be a hypersurface of degree 1 < d < n + 1 in P". If X is 
smooth and d ^ 2 then r]{X) = by a theorem of Kodaira and therefore 
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Fx = trivially. Let be a vector field on and let {o"t}_oo<t<oo be the 
induced real 1-parameter subgroup of Aut(P"). Furthermore, let Xt = crt{X) 
and let Xoo = lim^^oo -'^t be the limit of the Xt, if such a limit exists. We 
also assume that is a normal variety. By construction, v\x^ is a vector 
field on X^q. The main theorem of |DT92 l now asserts that if X is Kahler- 



Einstein, then one has Re Fxaa{v\Xoo) — where on Xoo one uses again the 
generalized Futaki invariant. This result holds in the orbifold well 
(by using local uniformization). 

Example 3.1. Let f = zozf + ^2^3(^2 — -^3) + zif2{zi,Z2, 23) where f2 is a 
homogeneous polynomial of degree 2 in zi,Z2,Z3, and X = Xj = {/ = 0} 
the corresponding cubic surface in which has a D^- singularity. Let v = 
"''''^0^ ~'~ ^^1^1 ~'~ "^2^ + -23^jj which already has trace 0. One easily reads 
off that at-ZQ = e~'^^ZQ, at-zi = e^^zi, at.Z2 = e*Z2 and at-z^ = 6*23 so that 
at-ZQzl = e~^^ZQzf and Uf. 22-^3 (-22 — -^3) = e~^^Z2Z3{z2 — Z3) whereas for any 
other monomial m in f we get at-m = e~"*m with a > 3. Therefore the limit 
is Xoo = {zQzf + Z2Z3{z2 — Z3) = 0} which is still a Fano orbifold. Moreover, 
v{foo) = 3/00, where Xoo is given by foo, and with the formula of Lu and 
Yotov we calculate that Fx^{v\x^) = ~1 ' ^ ' I ' ^ ~ ~^ ^ ^- Therefore Xf 
does not admit a Kdhler- Einstein (orbifold) metric. 

We remark that Xf is Hilbert-Mumford unstable, which of course is al- 



ready in HGITH , but actually the calculation is the same what we did above. 
We will come back to this later. 

With some more work, Ding and Tian actually prove that if a normal cubic 
in admits a Kahler-Einstein orbifold metric then it is Hilbert-Mumford 
semistable. 

4. Tian's 2nd stability condition 

Now we recall Tian's second stability condition which is necessary for a 
Fano manifold to allow a Kahler-Einstein metric. If we state the result for the 
hypersurface case only, it is almost trivial, as any nonsingular hypersurface 



of degree > 2 in P" is Hilbert-Mumford stable I GIT ). Nevertheless we belive 
that it is more pedagogic to ignore this fact and state only a trivial case of 
a highly nontrivial theorem. 



Theorem 4.1. |Ti97 | Let Xf be a smooth hypersurface of degree d in P", 



1 < d < n-|-l. If Xf is Kahler-Einstein, then Xf is weakly Hilbert-Mumford 
stable, i. e. the orbit of f & , N = ("^'^) under the natural SL{n + 1)- 
action is closed. If in addition rj{Xf) = then Xf is Hilbert-Mumford stable. 

Conjecture 4.2. |Ti97] This is also sufficient for the existence of a Kahler- 



Einstein metric. 



In the general case, Tian proves that X is weakly stable w. r. t. the 
polarization given by a certain bundle, cf. [ Ti97 |. 
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5. Stability of hypersurfaces 

Once more, we fix the notation for the following statements. Let v be 
a vector field on P". Via the natural projection v is induced by a vector 
field X]"j=o C""*"^. We will not distinguish between these two 

vector fields below. Let A be the matrix (aij) where we assume that v is 
normalized by the condition tr(A) = 0. After a linear change of variables, 
we may assume that A is in Jordan form with blocks 

^X^ 1 \ 

Ai 1 

We call V a real vector field if A has only real eigenvalues, i. e. Aj € M for 
every Jordan block of A. Of course a real vector field is still holomorphic. 
We note that for real vector fields a limit Xoo in the sense of Ding and Tian 
always exists. 

If the first Jordan block of A operates on the coordinates zq, . . . ,Zr then 
the induced 1-parameter subgroup {at} of Aut(C"~^^) acts on (zq,... ,ZrY 
by multiplication with the matrix 

/gAii ^gAit iigAit ... r^AiA 
2 r! 

gAit ^gAit : 

gAit ^gAit 

(if we regard the Zi as hyperplanes, then {at} acts by multiplication with 
the inverse matrix as usual). In particular, if A is a diagonal matrix with 
entries (Aq, . . . , A„) we get a diagonal action at-Zi = e^^^Zi. If all the Aj 
are integers, this induces a C*- action on C""*"^ resp. P". By the explicit 
description above, we also note that tr(j4) = corresponds to det((Tt) = 1, 
i. e. at G SL{n + 1). 

Finally, Xf = {/ = 0} is the hypersurface in P" given by the homogeneous 
polynomial / = Y^\^\=(ifi^'^ of degree d, 1 < d < n+1, with 7 = (70, . . . ,7n) 
a multiindex. We also denote by / the vector [f^) in C^. 

We recall now some of the definitions and theorems of Mumford's ||GIT |. 
As many assertions are quite simple in the hypersurface case, we could not 
resist to give some of the proofs here. In some way this shows how everything 
fits together very nicely. 

Prom Mumford we already know the //-function, which makes sense for 
any real diagonal vector field v as above with entries A . 

Definition 5.1. /Ut,(/) = min{A • 7 | /7 7^ 0} 

If we call A • 7 the weight of z'^ then Hvif) is the least weight in /. 
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Definition and Theorem 5.2. [|GIT| a) We ca// / Hilbert-Mumford-stable 
if the orbit of f G under the natural SL{n + l)-action is closed and the 
stabilizer of f is finite. Equivalent conditions are 

• for all algebraic 1-parameter subgroups of SL{n + \) f has both positive 
and negative weights 

• for all C* -vector fields v on C^^^ with trace one has Hvif) < 0. 
b) We say that f is weakly Hilbert-Mumford stable if the orbit of f is closed. 
Equivalently, for all C* -vector fields v ^ with trace either Hv{f) < or 
the C* -orbit of f is a point, i. e. fj-v{f) < and "= 0" iff f is a fixed point 
of the action induced by v. 

Lemma 5.3. Let v = ^ ^iZi-^ be a diagonal vector field and assume that 
v{f) = Kf for some k € C. Then Hv{f) = 

Proof. As v{z'^) = Y^^=Q'^i^ili^"'~'^^ = ' l)^'^ ^ the i-th unit vector, we 
have nf = v{f) = X]^(A • ^)f'^z"' and thus A • 7 = k for all 7 where / 0, 
in particular fj,v{f) = n. □ 

Lemma 5.4. Assume thatv is a diagonal real vector field and let fj, = fJ.v{f)- 
Then Xoo = {/oo = 0} is defined by foo = Sa-7=/x f-i'^'^ ^'^'^ therefore 

v{foo) = fJ-foo with /i = fJ.v{f) = Hvifoo)- 

Proof. For any 7 with f-y^O one has A • 7 — /i > by the definition of fi. 
In the limit, all monomials z'^ where A • 7 — > vanish, i. e. we only keep 
those monomials where the minimum // is obtained. □ 



Corollary 5.5. Let Xj be a hypersurface of degree 1 < d < n+\. Then Xf 
is Hilbert-Mumford stable iff for every C* -vector field w 7^ with trace one 
has Fx^iv) > 0. 

We emphasize that we make no conditions on X^o here. 

Proof. We just note that by the formula of Lu and Yotov, 

n + 1 

FxM = -{n + l-d){d-l) K 

n 

where {n + 1- d){d- 1)^^^^^ > and k = Hv{f). □ 

Lemma 5.6. Xj is Hilbert-Mumford stable iff for every diagonal real vector 
field V ^ with trace one has < 0. 

Proof. We only have to proof the "only if" direction. Assume that there 
exists a real vector field 7^ f = Yl^i^i'^ with ^ A, = and Hv{f) = 
min{A ■ 7 | 7^ 0} > 0, i. e. the following system of linear inequalities has a 
real solution under the constraint Aj =0: 

V7 with fj^O: A • 7 > 
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As all coefficients 7^ are nonnegative integers, this system then also has a 
rational solution. By clearing denominators, we obtain a C*-vector field with 
fi >0. This is a contradiction to our assumption that / is stable. □ 

This also shows how to calculate destabilizing vector fields. 

If is a real Jordan vector field, we can decompose it into the diagonal 
part Vdia.g and the nilpotent part v^: v = Udiag + The diagonal part 
induces a (C*)'^- action for some k, whereas the nilpotent part induces a 
C^-action. If Xf is invariant under v then also under fdiag and v~^. 

Lemma 5.7. If v is nilpotent and Xf invariant under v then v{f) = (i. e. 
K = 0). 

Proof. As Xf is invariant under f , v{f) = nf for some n. As v is nilpotent, 
we know that v = 2^1^ + • • • + Zr ^ + ■ • • for some r, where we have 
written out the terms corresponding to the first Jordan block. If z'^ is the 
least monomial occuring in / for the lexicographical order, we note that v{f ) 
does not contain and therefore k = 0. □ 



Remark 5.8. This is only a very special case of a theorem of Mabuchi 



|Ma90|.' The Futaki invariant vanishes on nilpotent vector fields. 



So we see that if we degenerate Xf with a C"*"- vector field v we only get 
Fxoo(w|Xoo) ~ 0. But if Xf is Kahler- Einstein we wanted to prove some 
kind of stability and therefore expected to get "> 0". As a result, we re- 
strict ourselves to diagonal vector fields (more exactly to vector fields v with 
nonvanishing diagonal part fdiag, but as F{v^) = the diagonal part is 
essential) . 

We sum this up in the following 

Corollary 5.9. Let Xf be a hypersurface in F" of degree 1 < d < n + 1. 
The following conditions are equivalent: 

• Xf is Hilbert-Mumford stable 

• for all real Jordan vector fields v with trace one has Fx^{v^Xoo) — ^ 
and "= 0" only «/wdiag = 0. 



6. Special degenerations of hypersurfaces 

Again Xf = {/ = 0} is a hypersurface in P" of degree d, 1 < d < n + 1. 

Definition 6.1. a) A special degeneration of Xf as a hypersurface is a 
fibration vr : y ^ C such that 

• Y is a hypersurface in P" x C and vr is the restriction of the projection 
to the second factor 

• for all s € C the fiber Ys is a hypersurface of degree d in P" x {s} = P" 
and Yi = Xf 

• there exists a vector field v on P" such that Y is invariant under v—s-i-. 
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b) A special degeneration of Xf as a hypersurface is said to be trivial ifYg is 
invariant under v for one (any) s ^ and therefore Y = Xf X C C X C. 

Remark 6.2. // we compare our definition with Tian's there are two major 
differences: First, we assume that the total space of the degeneration is a 
hypersurface in P" x C. Secondly, we do not assume that the special fiber is 
a normal variety. In our setting the special fiber is an arbitrary hypersurface 
in P" X {0}. We don't know whether it is always possible to construct destabi- 
lizing degenerations in such a way that the special fiber is normal, irreducible 
and reduced. 

Theorem 6.3. A special degeneration of Xf as a hypersurface is uniquely 
determined by v. 

Proof. We put w = v — s-^. We assume that Y is given by the polynomial 
H(s) where H(so) is a homogeneous polynomial of degree d in zq, . . . , for 
each So G C, in particular H{1) = f. As Y is invariant under w we have 
w{H{s)) = kH{s) for some constant k. 

If we put u = zq-^ + . . . + Zn-^ then u{H{s)) = dH{s) by Euler's 
formula, so if we modify w by a suitable multiple of u we can assume that 
K = 0. We note that hereby we have lost our former normalization that v 
has trace 0. 

Integration of v gives the real 1-parameter subgroup {at} of Aut(C""'"^). 
We put F{t) = (Tt-f . Then for any t G R clearly F{t) defines a hypersurface 
in P"' X {t}. By construction (as {z^ + §i){c~^z) = and so on) we know 
that {v + §i){F{t)) = 0, i. e. {F{t) = 0} C P" x M is invariant under v + 

Now we make the substitution s : M ^ M"*", s = e~* which gives ^ = 
— e~*^ = —s-^. Then G{s) := F(— ln(s)) is invariant under v — s-^ = w, 
more precisely w{G{s)) = and furthermore G(l) = F{0) = f = -ff(l)- 

Pi'om the uniqueness theorem for the solution of a differential equation we 
conclude now that Y = {G{s) = 0} over M"*" and as everything is analytic, 
therefore over C. □ 

Prom the fact that G{s) extends to a holomorphic function on C we derive 
the following corollaries. 

Corollary 6.4. In a special degeneration as a hypersurface the nilpotent part 
v'^ acts trivially on f . 

Proof. First we consider only the nilpotent part . Let {ipt} be the real 
1-parameter subgroup generated by . Then we get 

F+(t) := i^ff = f + tfl+t^f2 + ...+ f^fm 
for some m where the fi are polynomials in zq, . . . ,Zn. Consequently 

G+Gs) = /-(ln.9)/i + (In 5)2/2- + ... 

which is only holomorphic on C if /i = . . . = = 0, i. e. ij^t-f = /• In the 
general case we get additionally some terms of the form e"* which give some 
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powers of s which don't make the whole thing holomorphic unless all of the 
logarithmic expressions vanish. □ 

As the nilpotent part acts trivial, we may assume now that -u is a diagonal 
vector field. 

Corollary 6.5. In a special degeneration as a hypersurface v acts C*-like 
onfeF^-\ 



Proof. As 

we calculate that 



which is only holomorphic on C if A • 7 is a nonnegative integer for all 7 with 

A / 0. □ 

We recall that we cannot assume that v has trace here, but we normalized 
V such that w{H) = 0. 

Corollary 6.6. There exists a vector field v' = ^ K'^i'^ "^^^^ Aj G Q which 
acts on f as V does. 

Proof. Complete {1} to a basis of C as a vector space over Q and write 
Aj = A^ ■ 1 + . . . with coefficients A^ G Q. We know that all monomials z"^ 
in / have integer weight A • 7 for the action of v. Expressing the weights 
in terms of our basis {!,...} we conclude that only v' = ^^iZi-^ acts 
nontrivially on /. □ 

Of course we cannot assume that v' has integer coefficients, as we see by 
the stupid example of the action induced by ^z-^ on the monomial z"^. If we 
want to do so in our special degeneration as a hypersurface, we must allow 
a rescaling on the C-factor, i. e. we have to multiply —s-§^ by a suitable 
integer. 

Without loss of generality we may therefore assume that v = ^^iZi-^ 
with Aj G Q. 

Theorem 6.7. Let Xf be a hypersurface of degree d, 1 < d < n + 1 in P". 
Then the following conditions are equivalent 

• Xf is weakly Hilhert-Mumford stable 

• for all special degenerations of Xf as a hypersurface one has Fyq{v\Yo) — 
and "= 0" iff the degeneration is trivial. 

Proof. Let us first assume that / = f-yz'^ is weakly Hilbert-Mumford stable 
and that tt : F — > C is a special degeneration of Xf as a hypersurface 
determined by v. As we noted above we may assume that t; is a diagonal 
vector field with rational coefficients. Let v' be the normalization of v, i. e. 
we add to t; a suitable multiple of u = Y^Zi-^ to get trace 0. Furthermore 
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let v" = Mv' where M is a suitable positive integer such that v" is a C*- 
vector field. We note that the Putaki invariants of v and v" have the same 
sign. 

As / is weakly Hilbert-Mumford stable we have jivif) < 0- Because the 
special fiber of a special degeneration cleary corresponds to the limit variety 
in the sense of Ding and Tian (using our change of variables s = e~*), 
we conclude using the results of the previous paragraph that Fyq{v"\Yo) ^ 
and if we already have "> 0" we are done. 

So we may further assume that Fyq{v"\Yo) = and therefore fiv"{f) = 0. 
As / is weakly Hilbert-Mumford stable this is possible only if / G is a 
fixed point of the SL{n + l)-action, i. e. if {cr"} is the 1-parameter subgroup 
generated by v" then erf./ = /. Let at be the 1-parameter subgroup gen- 
erated hy V. As V and v' differ only by a multiple of u we conclude that 
Ut-f = e~"*/ for some constant a. This means that Y is defined by the 
equation s"/ = 0. As the special fiber is a hypersurface in P** x {0} as well, 
we conclude that a must be and the degeneration is trivial (consequently, 
already v had trace in this case). 

If the degeneration is trivial, we have at-f = f and therefore cj"./ = e~'**/. 
As / is weakly Hilbert-Mumford stable we know that a = Hv"if) ^ 0- But 
as a'Lff = e"^"*'* for the action of the 1-parameter subgroup induced by —v" 
also —a = /i-^."(/) < and therefore a = 0. 

To prove the converse, we assume that / fulfills the second condition. Let 
u be a C*-vector field with trace and /x = /J-vif)- Let v' = dv — jiu and 
{(Ti}, {a[} the 1-parameter subgroups induced by v resp. v' . If we sort the 
terms in at-f according to their weight we get 

<rt.f = e-'^Vo + e-(''+^)Vi + er^^^^^^' h + ■ • • 
for some homogeneous polynomials fi of degree d, and as u{f) = df 

<y'ff = fo + e-^'h + e-^<''f2 + . . . 
and v' induces a special degeneration of Xf as a hypersurface. By our as- 
sumption FYfyiy'^Yo) — ^ ^'^^ therefore fivif) < 0- 

If Hvif) = even v induces a special degeneration which must be trivial. 
This means that at-f = f and we are done. If / is fixed under the operation 
of C* induced by v, again v induces the trivial special degeneration and 
therefore /J^vif) = □ 

Example 6.8. Let f = ZQzf + 22-^3(^2 — -23) + zif2{zi,Z2,z^). Then v = 
~ '''■^0 ^ + 5^1^-1- ^2 ^ + -^3^ is a destabilizing vector field with fJ-vif) = 3. 
// we define v' = —2Azq-^ + 12zi^- then v' induces a special degeneration 
ofXf. 
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